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ABSTRACT 

We constructed Markov 0-simple semi groupusing the notion of Markov semi 

group and Determine when it is Markov and strongly Markov. Using the constructed 
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INTRODUCTION 

The notion of Markov semigroup came as a result of the attempt to generalize the already 

studied Markov group. The generalization of Markov group to Semigroup was achieved by 

Cain and Maltcev [2]. A group is Markov if it recognizes a prefix-closed regular language of 

unique representatives with respect to some generating set and strongly Markov if it 

recognizes a language of unique minimal-length representatives over every generating set [2]. 

By this definition of Markov group, they were able to assert when a semigroup is Markov and 

strongly Markov. A semigroup is Markov if it admits a regular language that does not contain 

the empty word, is +-prefix-closed and contains a unique representation with respect to some 

generating set and strongly Markov if there exists a robust  semigroup Markov language such 

that, | |      ̅ [2].  The necessary and sufficient conditions for the direct product of two 

finitely generated semigroups to be finitely generated [9] was built upon by [3] and as a 

matter of fact they assert that if   and   are automatic semigroups then,      is automatic if 

and only if     is finitely generated. 

Klimann [8] gave a pictorial illustration of how semigroup can be generated using an 

automaton  . In his structure, he used the Mealy automata to generate semigroup. By this 

automaton given by Klimann [8], we were able to deduce that it is actually a semigroup since 

the properties of semigroup are satisfied. In light of this semigroup automaton we deduce also 

that a semigroup automaton is an automatic structure that is close and associative by 

concatenation. In section 2, the definition, terms and concept important to this study are 

given. Section 3 considers the construction of 0-free semigroup, section 4 deals with Markov 

0-simple semigroupand its properties are obtained.And Section 5 deals with the construction 

of a direct product       that is Markov 0-simple semigroup. 

PRELIMINARIES 

In this section, the basic concepts needed in this study will be presented below. We follow 

[1], [2], [3], [4] in our notations.  Readers that are not familiar with some of the definitions 

and terminologies are referred to [2], [3], [4] [5] [6] and [11]. 
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Definition of Terms 

Semigroup 

(i) Let S be a non-empty set with an associative binary operation   defined on it, 

then S is called a Semigroup.  

(ii) Let   be a semigroup without zero, then S is called Simple if it has no proper 

ideal. That is, if   is an ideal of S, then       . 

(iii) Let   be a semigroup with zero, then   is called 0-simple if, {0} and   are the 

only ideals and       . 

 (iv) Let   be a non-empty set and    be a set of all finite non-empty words         

in the alphabet  . A binary operation is defined on    by juxtaposition: 

                                   

With respect to this operation,     is a semigroup called the free semigroupon  . 

let us adjoin {0} to   , that is,        and make the definition below on it. 

We define       {
               

                

where             and             . This definition makes       0-free 

semigroup on   denoted by    and we think of 0 as a word.Also, if we adjoin an identity 1 to 

  we obtain    called the free monoid, that is,          .  

Note that,         if   has nozero elementand     , if   has a zero element. That 

is, 

   {
                   

                         

(v) Let               be a non-empty word in  , then the length of   

denoted by      is the sum of all the elements in  . That is,    

     ∑       

    

 

where the length of 0 denoted by        

(vi) LetS be a semigroup. An element     is said to be decomposableif there exist 

elements         such that        . Thus the set of all decomposable 

elements of   is 

                       

(vii)  An element is indecomposableif it is not decomposable. The set of all 

indecomposable elements is     . It is clear that this set is contained in every 

generating set for  . 

Direct Products  

The direct product     of two semigroups  and Bis defined by 

                                                

For example, Let A       and B       . Then in the direct product     we have 

                                        . 
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The direct product is a convenient way of combining two semigroup operations. The new 

semigroup     inherits the properties of both  and  . 

 However, the direct product operation is associative on semigroups; that is, for all 

                              we have  

                        [               ]         

                     

                 

                    

        [               ]. 

The direct product       of two 0-free semigroup    and   is defined by 

                           [                         ]      
                        

Note that, 0 must be in isolation from both   and   . Also, the direct product operation is 

associative for 0-free semigroup and can be illustrated as above respectively. 

Languages 

(i) Let    be a finite alphabet, a language   on the set   is a subset of   . In other words, a 

language on  is a (finite or infinite) set of strings of  . 

Let    be a finite alphabet, a language   on the set   is a subset of   . In other words, a 

language on  is a (finite or infinite) set of strings of  . 

Note that                                              

Regular Languages 

Let  be a non-empty finite set. A language     on  is regular if it is empty or can be built 

up from elements of A by using concatenation and the operations + and  . 

Binary natural numbers can be represented by          . Note that any such number must 

start with a 1, followed by a string of 0's and 1's which may be null [4].                                                                                                   

                   (          )  (               )            

Let  be a non-empty finite set. A language     on  is regular if it contains zero {0} or 

can be built up from elements of A by using concatenation. 

Ideals of a Language 

A language   is called a left ideal if      , similarly   is called a right ideal if      . 

Therefore, a language   is called an ideal if it is both left and right ideal. That is,        . 

A language      is called a left ideal if      , similarly  is called a right ideal if 

     . 

Therefore, a language   is called an ideal if it is both left and right ideal. That is,        . 

Prefix-Closed Language 

Let L be a language over an alphabet  . Then  is prefix-closedif 

                        

and is closed under taking non-empty prefixes, or more succinctly +-prefix-closed, if 



Asian Journal of Natural & Applied Sciences    Vol. 4(4) December 2015 
__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ 

 

ISSN: 2186-8476,  ISSN:  2186-8468 Print 

www.ajsc.leena-luna.co.jp 

Leena and Luna International, Oyama, Japan.                                       Copyright © 2015 

(株) リナアンドルナインターナショナル, 小山市、日本                                                                                                  P a g e | 40 

 

                        

Where,    – an alphabet,     – non-empty words over A called the free semigroup. 

Using    

Let  be a language over an alphabet  in   . Then  is prefix-closedif 

                        

and is closed under taking non-empty prefixes, or more succinctly +-prefix-closed, if 

                        

Where,    – an alphabet,     – non-empty words over A called the free semigroup, and    

the 0-free semigroup. 

Grammar 

A Context free grammar (grammar)   is a quadruple             where; 

 is a non-terminal symbols,  is a set of terminals,    is a set of production rules and    is a 

start symbol. The rule is of the form      , then         where     are in  . In   

steps                         

 
        

 
                                 . Here 

   is a top terminal string. 

Consider the grammar                                    . The language 

generated by this grammar is as follows, 

            ,        using rule (2) we have that,       where          . 

Using rule (1) we have that                    where           

Therefore, the language by this grammar will be of the form;                  

A language that recognizes the context free grammar is called a Context free language. 

Automaton 

(i) Regular Expression And Automaton 

A regular expression is a shorthand form of describing a regular language. 

Rules for conversion from regular expression to Automaton 

 A regular expression      “read as a regular expression     ” is 

A

B  

 A regular expression read    “read as a regular expression  followed 

immediately by the expression ” we do this with generally three (3) states. 

A B

 

    

A

    This diagram has infinitely many strings of    . 
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 The Conversion of the expression      to a finite state automaton, is as 

follows; 

a aq0 q1 2q

b

figure 1  

where          are the states of the automaton,    is the initial state, and    is the final state 

(or the accept state) of the automaton. The strings that are generated from this state diagram a

re;                                      

(ii) An Automaton is a triple        , where 

 is a finite set of states,  is a finite alphabet,  is a transition function             

Note that the transition function can be interpreted as          . 

The state diagram has inputs: 

q0 q1
a|b

Figure 2  

where     tells us that “ ” is an input and “ ” is an output. If we are in state    and read 

symbol  , we move to state    and output  . 

That is,               . 

If we are in    and read a sequence         we output         where 

                  . 

Starting in state  and reading  gives an endomorphism. Extending this to several states gives 

a homomorphism              Then           is the automaton semigroup. 

(iii) A Finite State Automaton   is a 5-tuple               , where,  is a finite set of 

states,  is a finite set (alphabet) of input symbols,           is the transition function, 

where      is the arguments of   are state and alphabet symbol, and   is the result and a 

state     , is the start state, and   is the set of accepting, or final states. 

A language that accepts the finite state automaton is called a regular language and if 

otherwise it is non-regular. 

Markov Semigroup 

(i) A semigroup Markov language for S over  is a regular language  that does not 

contain the empty word, is +-prefix-closed, and contains a unique representative 

for every element of  . 

(ii) A robust semigroup Markov language for  over  is a regular language  that 

does not contain the empty word, is +-prefix-closed, and contains a 

uniquerepresentative for every element of  such that            ̅ . 

(iii) The semigroup  is Markov(as a semigroup) if there exists a semigroup Markov 

language for   over an alphabet A representing some generating set for  . 

(iv) The semigroup  is stronglyMarkov(as a semigroup) if, for every alphabet 

 representing a generating set for  , there exists a robust semigroup Markov 

language for  over  . 
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Semigroup Automaton 

The automaton                      , where   is the finite set of state,   is the 

finite alphabet and    is the transition functions.                                                                                                                                       

q
0

q
1

q
2

a

b

aa

b

figure 3  

The languages generated from figure 3 above are the subsets of 

                           , they are regular, and has unique representatives. 

Consider the automaton                              
      , where    is the production functions 

q
0

q1

q
2

a b

 b I b

,

aa aa

ab

bb

figure 4  

A semigroup S is called an automaton semigroup if there exists an automaton  such that 

      . 

From figure 4 above, we have as follows; 

                                                                  , 

                                                                   . 

Furthermore,     

                                                                                  

                                              

                                                                            . 

Also,                                                                                 
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                                                                                         . 

For clarity sake, from figure 4 above, we can also see the associative property (moving 

through    from   ) as follows; 

                                                                                            

                                                       

                                                                                              . 

And moving through     from   we have; 

     :                                                                                          . 

                                                        

                                                                                              . 

SECTION 3  

Construction Of 0-Free Semigroup. 

The properties of 0-free semigroup    are; 

 It’s a regular language with the adjoined zero as a word that is               

 It is +-prefix-closed and 

 It has a unique representation. 

Proposition 3.1 

The 0-free semigroup  , contains a regular language. 

Proof 

Let   be a non-empty alphabet and   a language on the alphabet  . Suppose that,    contains 

a language   , then it follows that, for any element       we have that           
                         are elements of    noting that the zero in    is in isolation from 

   (that is    and {0} are disjoint elements of    and that          . As a matter of fact 

                                 this implies that                 
         These elements built from    must be languages in    since       which are finite 

or infinite set of strings of  . Hence    is a language in   . 

Furthermore, suppose that    is regular in   , then it follows that it contains the word {0} or 

can be built up from   by concatenation. Hence    contains a regular language   .  Clearly, 

any language that is recognized by thegivenexpression               regular. 

□ 

Proposition 3.2 

A 0-free semigroup   has a unique representative. 

Proof 

Since    contains a regular language   from prop. 3.1. it suffice to show that     has a 

unique representation over   representing the generating set. We write    in the form 

       where 0 represent the adjoined zero and it must be in isolation from   . Also, no 

product of the elements of   is equals the adjoined zero. Suppose   is a word in    with 

       then    and   represent the zero of    which contradicts the unique representative 
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in   . But the word    can only contain a single symbol 0 which must be the unique shortest 

word over   .  Hence    contains a unique representative.  

Proposition 3.3 

  is +-prefix-closed. 

Proof 

Since     is a regular language in   . Then            . For all     and     , then 

   is prefix-closed since       which implies that      is a prefix of   . Also    is 

prefix-closed if it is recognized by a finite state automaton in which every state is an accept 

state [2].Then from 3.2 above, it follows that           is +-prefix-closed.□ 

CONSTRUCTION OF MARKOV 0-SIMPLE SEMIGROUP 

0-Simple Semigroup Automaton 

Let          then we have the automaton   

q
0

q
1

q
2

a

b

aa

b

figure 5  

The languages that can be recognized by this automaton are the Languages     that has thesin

glesymbol 0 and the free semigroup   , that is,                           .From figur

e 5 above, the automaton   is finite, it contains the word {0} with the single symbol 0, it is 

+-prefix-closed, it has a unique representatives and specifically has a start and end state. 

The transition function is such that,        That is, 

          ,                

          ,               and            . 

Proposition 4.2 

A 0-simple semigroup is Markov. 

Proof. 

Let   be a 0-simple semigroup and   be a 0-simple Markov language for   with respect to the 

finite alphabet   representing the generating set , where   is of the form       which is a 

Markov language for  . 

Consider a deterministic finite state automaton   with an initial state and every state an 

accept state, but at this point, we emphasize more on the languages that terminates at   . This 

automaton   must be of the form (as shown) in figure 5 above with every state an accept 
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state. Let      be an initial state of  , then we obtain a unique representation         
   and              

          ,           and           . Where            the set of state, 

      the generating set,   is the transition function that maps one state to the other 

through any given path say   or   respectively and (                  ) are the languages of 

  generated by the generating set   for  . Since any language accepted or recognized by   

is regular, then   is a regularlanguage for   and is Markov noting that the automaton   has 

all of its states as an accept state with unique representatives. 

Let   be an ideal, then      which by definition must be in isolation from {0} as there is 

no two elements of   that is equals zero, hence       . Since the initial state of   is also 

an accept state then it contains the word {0} which is an ideal of  . If there exist a zero which 

is not a prefix of any word     then we have that             is a unique word in   

that is recognized by  , and is regular, also   and     represents the ideal {0} of  . 

Furthermore, let           be the left and right ideals generated by   for  , then for non-

zero elements       we have that   

      is a regular language for   and so     is a prefix of  . 

Suppose that           , then    is a regular language, is +-prefix closed and it 

maps bijectively onto  . Notice that       and is Markov, hence there exists a 0-

simpleMarkov language for   over   since   is a regular language, is +-

prefix closed, has a uniquerepresentative and contains the word {0}. Therefore,   is Markov. 

 □         

Proposition 4.3  

A 0-simple semigroup is strongly markov. 

Proof, 

It follows from 4.2 above. Suppose   is strongly Markov and let   be a language in  . Then it 

follows that there exists a deterministic finite state automaton   with the initial and final stat

eat    and every other states being an accept state recognizes the language that contains the w

ord with a single symbol 0, hence   is a regular language which is also Markov. 

Furthermore, there exist a robustly Markov language   such that, the length of the shortestdist

ance over   representing  ̅ denoted by | |      ̅  
   as a symbol which  is regularand is robustly Markov with respect to an alphabet    represe

nting a generating  set for  . Since the generating set for   must be of the form   
   , where 0 represent the adjoinedsymbol. Hence    is strongly markov, since there is an exi

stence of robust Markov language.     □ 

The properties obtained as a result of the construction of markov 0-simple semigroup 

 It contains regular languages. 

 It contains the word {0}, since the initial and final state of   are the same. 

 It is +-prefix-closed. 

 It contains unique representatives. 

Proposition 4.5 

Let   be a Markov 0-simple semigroup, then  

1. It contains the word {0}. Since the initial and final state of   are the same. 
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2. The generated languages are regular. 

3. It is +-prefix-closed. 

4. It contains a unique representative.  

Proof; 

(1) Let  be an alphabet representing a generating set for 0-simple semigroup  . Let   be a 

deterministic finite state automaton which has an initial state    and every state being an 

accept state, then there exists a new word       representing the zero in 0-simple 

semigroup  , that is. Hence S contains the word {0}. 

(2) Suppose   is 0-

simple semigroup Markov language for   with respect to the generating set which is of the f

orm      . Then   is regular since the languages generated are recognized by  . 

(3) Let    , then there exists {0} in  which is not a prefix of any word   then we have 

that             is a unique word in   that is recognized by  , is a regular language, 

also   and     represents an ideal of      . Let       
   be the left and right ideals generatedby  for  , then for non-zero elements     

  we have that         is a regular language for  and so      is a prefix of  . 

Suppose that           , then    is +-prefix closed and it maps bijectively unto  .  

Noticethat     . Hence    is +-prefix closed. 

Finally, (4) follows from (3) above, since       then we have the unique representative for 

every element of   as follows; 

          and            

          ,           and           .  

where            the set of state,       the generating set,   is the transition function 

that maps one state to the other through any given path say   or   respectively and (   
           ) are the languages of   generated by the generating set    for  . Since any language 

accepted or recognized by   is regular, then there exist a regularlanguage   for   and is 

Markov nothing that the automaton   has all of its states as an accept state with unique 

representatives.               □ 

SECTION 5. 

Theorem 4.1 Let S be a Markov 0-simple semigroup and let T be finite 0-simple semigroup. 

Then    is a Markov 0-simple semigroup if and only if it is finitely generated. 

Proof; 

Suppose that     is a Markov 0-simple semigroup, let   be a language in       with 

respect to the finite alphabets   and   representing the generating sets for   which must be of 

the form          where 0 is the adjoined zero. 

Assume that,      so that   has an indecomposable element . But the infinitely many 

element             is indecomposable in     and hence it belongs to every generating 

set for     which contradicts the fact that     is finitely generated. Hence      and 

similarly,      therefore      is finitely generated. With these properties we have that 



Asian Journal of Natural & Applied Sciences    Vol. 4(4) December 2015 
___________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ _______________________________________________________________________________ 

Copyright © 2015                                 Leena and Luna International, Oyama, Japan. 

47 |  P a g e                      (株) リナアンドルナインターナショナル, 小山市、日本. 

ISSN: 2186-8476,  ISSN:  2186-8468 Print 

www.ajsc. leena-luna.co.jp 

 

          . The converse is also true; if            then      and also 

    , since   and   are the homomorphic images of    .  

 Let                and   {      }      be generating sets for   and   

respectively, choose                                  and the functions 

                

With                                        then the set 

             (  {      })               

generates      . 

That is, let           and          , then   and   are written as the products of   

elements from                  and (  {      })      respectively. 

Then we can write       as product of elements from equation (1) above as  

                                  

Clearly, the length of   and   are equal, that is, | |  | |.  

Hence       is finitely generated. Furthermore, from proposition 3.4 we obtain that       is 

markov 0-simple since there is an existence of 0-simple semigroup Markov language   (that 

is, (     is a regular language and          is +-prefix-closed and maps onto        

bijectively). Also, if   is a finite alphabet in bijection with  , and      then it follows that 

           which implies that               and similarly,          
     . Therefore, (     is markov 0-simple semigroup and is finitely generated.   □ 

CONCLUSION 

The markov 0-simple semigroup   has proven that by the introduction of a word {0} with a 

symbol 0 to the existing markov semigroup [2] we can generate a markov 0-simple 

semigroup. Hence a 0-simple semigroup is markov. Also, by the introduction of the robustly 

Markovlanguage to   , we obtained that a 0-simple semigroup is strongly markov. 

Furthermore, two Markov 0-simple semigroups  and  , produces the direct product       

that is markov 0-simple. Hence if   is a Markov 0-simple semigroup and   is finite then, 

weobserve that       is a markov 0-simple semigroup if and only if it is finitely generated.  
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