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ABSTRACT
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group and Determine when it is Markov and strongly Markov. Using the constructed
Markov ~ O-simple  semigroup  and  obtaining its properties we concluded
that the direct product  of two finitely generated markov 0-simple  semigroup s
Markov. AMS Classification No: 20M05

Keywords: Markov 0-simple semigroup, Regular language, Markov group,
Finite state automaton, Markov grammar and Context free grammar.

INTRODUCTION

The notion of Markov semigroup came as a result of the attempt to generalize the already
studied Markov group. The generalization of Markov group to Semigroup was achieved by
Cain and Maltcev [2]. A group is Markov if it recognizes a prefix-closed regular language of
unique representatives with respect to some generating set and strongly Markov if it
recognizes a language of unigue minimal-length representatives over every generating set [2].
By this definition of Markov group, they were able to assert when a semigroup is Markov and
strongly Markov. A semigroup is Markov if it admits a regular language that does not contain
the empty word, is +-prefix-closed and contains a unique representation with respect to some
generating set and strongly Markov if there exists a robust semigroup Markov language such
that, |w| = 2,(W)[2]. The necessary and sufficient conditions for the direct product of two
finitely generated semigroups to be finitely generated [9] was built upon by [3] and as a
matter of fact they assert that if S and T are automatic semigroups then, S X T is automatic if
and only if S x T is finitely generated.

Klimann [8] gave a pictorial illustration of how semigroup can be generated using an
automaton A. In his structure, he used the Mealy automata to generate semigroup. By this
automaton given by Klimann [8], we were able to deduce that it is actually a semigroup since
the properties of semigroup are satisfied. In light of this semigroup automaton we deduce also
that a semigroup automaton is an automatic structure that is close and associative by
concatenation. In section 2, the definition, terms and concept important to this study are
given. Section 3 considers the construction of 0-free semigroup, section 4 deals with Markov
0-simple semigroupand its properties are obtained.And Section 5 deals with the construction
of a direct product (S x T) that is Markov 0-simple semigroup.

PRELIMINARIES

In this section, the basic concepts needed in this study will be presented below. We follow
[1], [2], [3], [4] in our notations. Readers that are not familiar with some of the definitions
and terminologies are referred to [2], [3], [4] [5] [6] and [11].
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Definition of Terms
Semigroup

Q) Let S be a non-empty set with an associative binary operation * defined on it,
then S is called a Semigroup.

(i) Let S be a semigroup without zero, then S is called Simple if it has no proper
ideal. That is, if I is an ideal of S, then [ =S.

(iii)  Let S be a semigroup with zero, then S is called O-simple if, {0} and S are the
only ideals and S% = {0}.
(iv)  Let A be a non-empty set and A* be a set of all finite non-empty words a,a, ...a,
in the alphabet A. A binary operation is defined on A* by juxtaposition:
(3132 ...am)(b1b2 bn) = aqd, ...amb1b2 bl’l
With respect to this operation, A% is a semigroup called the free semigroupon A.
let us adjoin {0} to A*, that is, A* U {0} and make the definition below on it.
_(ab if0gA"
a.b _{0 if 0 € A"
where a = aq,ay,...,apand b = by, by, ...,b,. This definition makesA* u {0} O0-free

semigroup on A denoted by A* and we think of 0 as a word.Also, if we adjoin an identity 1 to
A*we obtain A* called the free monoid, that is, A* = A* U {1}.

Note that,A* = A* U {0}if A*has nozero elementandA* = A*, ifA* has a zero element. That

We define

is,
2 ={A+U{0} if0¢A*
A* if 0 €AY
(V) Let w=a, ...ay(a; € A) be a non-empty word in A, then the length of w
denoted by |w | is the sum of all the elements in w. That is,
wi= ) fwh,
(51€A

where the length of 0 denoted by |0 |=1

(vi)  LetS be a semigroup. An element s € Sis said to be decomposableif there exist
elements s;,s, €S such that s = s;s,. Thus the set of all decomposable
elements of S is

5‘2 = SS = {5152: 51,52 € S}

(vii)  An element is indecomposableif it is not decomposable. The set of all
indecomposable elements is S\S2. It is clear that this set is contained in every
generating set for S.

Direct Products
The direct product A x Bof two semigroups Aand Bis defined by
(a1, by1) - (az, by) = (a1a3,b,b3) (a; € A, b; € B).
For example, Let A= (N, +)and B= (N,-). Then in the direct product A x Bwe have
(n,r) - (m,s) = (n + m,r.s)(Vn,m,r,s € N).
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The direct product is a convenient way of combining two semigroup operations. The new
semigroup A X Binherits the properties of both Aand B.

However, the direct product operation is associative on semigroups; that is, for all
S1,Sg, ., Sy € Sand ty, t,, ..., t, € T we have

(51, t1). (52, t2). (53, t3) = [(51, t1). (52, t2)]. (53, t3)
= (5152, t1t2). (53, t3)
= (515253, t1tot3)
= (51, t1) (5253, tat3)
= (51, t)[ (52, t2). (53, t3)].
The direct product A* x B*of two 0-free semigroup A*and B*is defined by

(a1a; ... ay,, b,b, ... b,) U{0} = {[(a,b,)(ay, by) ... (an, b,)]U{0}}
€ A* x B¥V (a; € A*,b; € BY).
Note that, 0 must be in isolation from both A*and B*. Also, the direct product operation is
associative for 0-free semigroup and can be illustrated as above respectively.

Languages

(i) Let A be a finite alphabet, a language L on the set A is a subset of A*. In other words, a
language on Ais a (finite or infinite) set of strings of A.

Let A be a finite alphabet, a languageL® on the set A is a subset of A*. In other words, a
language on Ais a (finite or infinite) set of strings of A
Notethat L¥ = L*u{0}=L'uUl?u. .. U{0}V L, I? .. L"eL*

Regular Languages

Let Abe a non-empty finite set. A language L € A*on Ais regular if it is empty or can be built
up from elements of A by using concatenation and the operations + and .

Binary natural numbers can be represented by 1(0 + 1)*. Note that any such number must
start with a 1, followed by a string of 0s and 1's which may be null [4].

100+ 1) =(1,100+1),1((0 + 10+ 1), 1((0+ DO+ DO+ 1)),. .. )

Let Abe a non-empty finite set. A language L € A*on Ais regular if it contains zero {0} or
can be built up from elements of A by using concatenation.

Ideals of a Language
A language L is called a left ideal if L = A*L, similarly L is called a right ideal if L = LA".
Therefore, a language L is called an ideal if it is both left and right ideal. That is, L = A*LA".

A language L € A* is called a left ideal if L = A¥L, similarly Lis called a right ideal if
L = LA*,

Therefore, a language L is called an ideal if it is both left and right ideal. That is, L = A¥LA*,

Prefix-Closed Language

Let L be a language over an alphabet A. Then Lis prefix-closedif
(WVued,veA)(uwveL=>u€elL),

andLis closed under taking non-empty prefixes, or more succinctly +-prefix-closed, if
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(VueAdt,veAt)(uvelL>uel).
Where, A - analphabet, A* —non-empty words over A called the free semigroup.
Using A*
Let Lbe a language over an alphabet Ain A*. Then Lis prefix-closedif
(vueAtved ) (wwelL=>uel),
andLis closed under taking non-empty prefixes, or more succinctly +-prefix-closed, if
(VueAt,veAt)(uveL=>u€lL).

Where, A - an alphabet, A* — non-empty words over A called the free semigroup, and A*
the O-free semigroup.

Grammar
A Context free grammar (grammar) G is a quadruple G = (N, T, P, S) where;

Nis a non-terminal symbols, Tis a set of terminals, P is a set of production rules and S is a
start symbol. The rule |s of the form ifa = b, then aaff = abff where @, are inT. Inn

steps @y > a,where > impliesn — stepsL(G) = {w |w € T*:s = w}. Here
T* is a top terminal string.

Consider the grammar N = {s},T = {a, b}, P = {(1)S - aSh, (2)S — ab}. The language
generated by this grammar is as follows,

S = ab,ab € L(G), S = aSb using rule (2) we have that, S = aabbwhere a?b? € L(G).
Using rule (1) we have that S = aSbh = aaShb = aaabbb where a3b® € L(G)
Therefore, the language by this grammar will be of the form; L(G) = {a™b™ |n = 1}

A language that recognizes the context free grammar is called a Context free language.
Automaton

Q) Regular Expression And Automaton

A regular expression is a shorthand form of describing a regular language.

Rules for conversion from regular expression to Automaton

> A regular expression A | B “read as a regular expression AorB” is
A
@
> A regular expression read AB “read as a regular expression Afollowed

immediately by the expressionB” we do this with generally three (3) states.
A/ N\ B
o020

> A

@ This diagram has infinitely many strings of A's.
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> The Conversion of the expression ab*a to a finite state automaton, is as
follows;

>@a@a@

figure 1

whereq,, q1,q, are the states of the automaton, q, is the initial state, and g, is the final state
(or the accept state) of the automaton. The strings that are generated from this state diagram a
re; (aa, aba, abba,abbba,abbbba,abbbbba, ...)

(i)  An AutomatoncAis a triple (Q, 4, §), where
Qis a finite set of states, Ais a finite alphabet, §is a transition function (§;: Q = Q);ca
Note that the transition function can be interpreted asé: Q X A - Q X A .

alb @
Figure 2
wherea |b tells us that “a” is an input and “b” is an output. If we are in state g, and read
symbol a, we move to state g, and output b.

That is, §(qo, a) = (g4, b).
If we are in g, and read a sequence a, a, ... a,, We output 8,5, ... B, where
8(qi—1, @) = (qi, Bo)-

Starting in state gand reading agives an endomorphism. Extending this to several states gives
a homomorphism @: Q* —» End(A4*).Then}.(A) = im(®) is the automaton semigroup.

(iii) A Finite State Automaton M is a 5-tuple ( Q, 4, 8, q,, F ), where, Qis a finite set of
states, Ais a finite set (alphabet) of input symbols, &: Q X A — Q is the transition function,
where Q x A is the arguments of § are state and alphabet symbol, and Q is the result and a
state q, € Q, is the start state, andF < Qis the set of accepting, or final states.

The state diagram has inputs:

A language that accepts the finite state automaton is called a regular language and if
otherwise it is non-regular.

Markov Semigroup

Q) A semigroup Markov language for S over Ais a regular language Lthat does not
contain the empty word, is +-prefix-closed, and contains a unigue representative
for every element of S.

(i) A robust semigroup Markov language for Sover Ais a regular language Lthat
does not contain the empty word, is +-prefix-closed, and contains a
uniquerepresentative for every element of Ssuch that | w |= 1,(w).

(iii)  The semigroup Sis Markov(as a semigroup) if there exists a semigroup Markov
language for S over an alphabet A representing some generating set for S.

(iv)  The semigroup Sis stronglyMarkov(as a semigroup) if, for every alphabet
Arepresenting a generating set for S, there exists a robust semigroup Markov
language for Sover A.
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Semigroup Automaton

The automaton A = (Q,4,5 = (6;:Q = Q);ca), Where Q is the finite set of state, A is the
finite alphabet and §; is the transition functions.

figure 3

The languages generated from figure 3 above are the subsets of
At that is, (ab, abab, abaa, ...), they are regular, and has unique representatives.

Consider the automaton A = (Q,4,6 = (6;:Q = Q)jcarp = (p: A >
A)qeq), Where p, is the production functions

2]

figure 4

A semigroup S is called an automaton semigroup if there exists an automaton <Asuch that
S = (A).

From figure 4 above, we have as follows;
p(qOJ a) = (QZ'b): p(QZ'b) = (qO'b)' p(qO' b) = (qZ'a)' p(qZ'b) = (qO' b)!

p(qOJ a) — (QZ'b): p(QZ' a) — (Ch;b); ,O(Ch. b) = (qltb)' p(qlﬂa) = (qO'a)'
Furthermore,

Input: a b b b = abbb
State sequence: (942909290 = 9092909290
Output: b b a b = bbab.
Also,
Input: a a b a b a b a =aabababa

State sequence: qo429191909291 91 90 = 909291919092919190
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Output: b a b a a a b a =babaaaba.

For clarity sake, from figure 4 above, we can also see the associative property (moving
through albfrom q,) as follows;

Input: a a a a a a a a..=aaaaaaad..
State sequence: qoq291 90929190 92 - = 9092919092919092 -
Output: b a a b a a b a..=baabaaba..

And moving through bla from g,we have;

Input: b a a b a a b a..=baabaaba...

State sequence: qpq291 90929190 92 - = 9092919092919092 -
Output: a a a a a a a a..=aaaaaaad..

SECTION 3
Construction Of 0-Free Semigroup.
The properties of 0-free semigroup A* are;

<> It’s a regular language with the adjoined zero as a word that is L* = (L* U {0} € A*
<> It is +-prefix-closed and
X It has a unique representation.

Proposition 3.1
The 0-free semigroupA*®, contains a regular language.
Proof

Let A be a non-empty alphabet and L a language on the alphabet A. Suppose that, A* contains
a language L*, then it follows that, for any element a, b € A we have that L* = L* U {0} =
(a,b,ab, bab,. . .) U {0} are elements of A* noting that the zero in A% is in isolation from
A* (that is A* and {0} are disjoint elements of A* and that (4*)? # {0}. As a matter of fact
A* ={0}u A’ (Vi=1,23, ..n€ N)this implies  thatd* = {0} u A’ = {0}uA' U
A?. . These elements built from A must be languages in A* since L*¥ < A* which are finite
or infinite set of strings of A. Hence L* is a language in A%,

Furthermore, suppose that L* is regular in A#, then it follows that it contains the word {0} or
can be built up from A by concatenation. Hence A* contains a regular language L*. Clearly,
any language that is recognized by thegivenexpression L¥ = (L* u {0} € A* regular.

O

Proposition 3.2

A O-free semigroupA” has a unique representative.
Proof

Since A* contains a regular language L*from prop. 3.1. it suffice to show that A* has a
unique representation over A representing the generating set. We write A* in the form
A* U {0} where 0 represent the adjoined zero and it must be in isolation from A*. Also, no
product of the elements of A*is equals the adjoined zero. Suppose abis a word in L¥ with
ab = a0b then a0 and b represent the zero of A* which contradicts the unique representative
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in L¥. But the word ab can only contain a single symbol 0 which must be the unique shortest
word over A*. Hence A* contains a unique representative.

Proposition 3.3
A*is +-prefix-closed.
Proof

Since L* is a regular language in A*. Then L* = L* u{0}. For all a € A*and b € L*, then
L* is prefix-closed since ab € L* which implies that a € L* is a prefix of ab. Also L* is
prefix-closed if it is recognized by a finite state automaton in which every state is an accept
state [2].Then from 3.2 above, it follows thatL* = L* — {a0} is +-prefix-closed.o
CONSTRUCTION OF MARKOQOV 0-SIMPLE SEMIGROUP

0-Simple Semigroup Automaton

Let A = {a, b}* then we have the automaton A

figure 5

The languages that can be recognized by this automaton are the Languages {0} that has thesin
glesymbol 0 and the free semigroup A™, that is, (ab, abab, aaa, aaba, aabba, ...).From figur
e 5 above, the automaton A is finite, it contains the word {0} with the single symbol 0, it is
+-prefix-closed, it has a unique representatives and specifically has a start and end state.
The transition function is such that, Q x A — Q. That is,

8(q0,a) = qz, (g2, b) = qo,

5(q0,a) = g2, 8(qz,a) = g1 and §(qy, @) — qo.
Proposition 4.2

A 0-simple semigroup is Markov.

Proof.

Let S be a 0-simple semigroup and L be a 0-simple Markov language for S with respect to the
finite alphabet A representing the generating setS, where L is of the form L U {0} which is a
Markov language for L.

Consider a deterministic finite state automaton A with an initial state and every state an
accept state, but at this point, we emphasize more on the languages that terminates at q,. This
automaton A must be of the form (as shown) in figure 5 above with every state an accept
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state. Let g, € Q be an initial state of A, then we obtain a unique representation §(q,, a) +
q2 and S(QZ;b) g (Io;

5(qo, @) P q3, 6(qy,a) » q;and 6(qq,a) » q,. Where qo,q91,9, € Q the set of state,
a,b € A the generating set, & is the transition function that maps one state to the other
through any given path say a or b respectively and ({0}, ab, aaa,. . .) are the languages of
A generated by the generating set A for S. Since any language accepted or recognized by A
is regular, then L is a regularlanguage for S and is Markov noting that the automaton A has
all of its states as an accept state with unique representatives.

Let S be an ideal, then 2 = S which by definition must be in isolation from {0} as there is
no two elements of S that is equals zero, hence S2 # {0}. Since the initial state of A is also
an accept state then it contains the word {0} which is an ideal of S. If there exist a zero which
is not a prefix of any word w € L then we have that w = w,; 0w, = {0} is a unique word in L
that is recognized by A, and is regular, alsow and w,;0 represents the ideal {0} of S.
Furthermore, let w;,w, € L be the left and right ideals generated by A for S, then for non-
zero elements a,b € A we have that b =

w;aw, is a regular language for S and so w;a is a prefix of b.

Suppose that L' = (L — {0}), then L’ is a regular language, is +-prefix closed and it
maps bijectively onto S. Notice that L' € A* and is Markov, hence there exists a 0-

simpleMarkov language for S over A since L is a regular language, is +-

prefix closed, has a uniquerepresentative and contains the word {0}. Therefore, Sis Markov.
O

Proposition 4.3
A 0-simple semigroup is strongly markov.
Proof,

It follows from 4.2 above. Suppose S is strongly Markov and let L be a language in S. Then it
follows that there exists a deterministic finite state automaton A with the initial and final stat
eat g, and every other states being an accept state recognizes the language that contains the w
ord with a single symbol 0, hence L is a regular language which is also Markov.

Furthermore, there exist a robustly Markov language L such that, the length of the shortestdist
ance over A representing w denoted by |w| = A,(w) =

0 as a symbol which is regularand is robustly Markov with respect to an alphabet A represe
nting a generating set for S. Since the generating set for S must be of the form A U

{0}, where 0 represent the adjoinedsymbol. Hence S is strongly markov, since there is an exi
stence of robust Markov language. o

The properties obtained as a result of the construction of markov 0-simple semigroup

X It contains regular languages.

X It contains the word {0}, since the initial and final state of A are the same.
X It is +-prefix-closed.

X It contains unique representatives.

Proposition 4.5
Let S be a Markov 0-simple semigroup, then
1. It contains the word {0}. Since the initial and final state of A are the same.
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2. The generated languages are regular.

3. It is +-prefix-closed.

4, It contains a unique representative.
Proof;

(1) LetA be an alphabet representing a generating set for 0-simple semigroup S. Let A be a
deterministic finite state automaton which has an initial state g, and every state being an
accept state, then there exists a new word {0} ¢ A representing the zero in 0-simple
semigroup S, that is. Hence S contains the word {0}.

(2) Suppose L is 0-
simple semigroup Markov language for S with respect to the generating setAwhich is of the f
orm L U {0}. Then L is regular since the languages generated are recognized by A.

(3) Let w € L, then there exists {0} in Lwhich is not a prefix of any word w then we have
that w = w; 0w, = {0} is a unique word in L that is recognized by A, is a regular language,
alsow and w; 0 represents an ideal of S # {0}. Let w;,w, €
L be the left and right ideals generatedbyA for S, then for non-zero elements a, b €

A we have that b = w;aw, is a regular language forS and so w; a is a prefix of b.

Suppose that L' = (L — {0}), then L' is +-prefix closed and it maps bijectively unto S.
NoticethatL’ € A*. Hence L' is +-prefix closed.

Finally, (4) follows from (3) above, since L' € A* then we have the unique representative for
every element of S as follows;

8(qo, a) = q,andd(qz, b) » qq,

5(qo, a) = q2, 6(qz,a) = qand 6(qq, a) = q.

where q, 91,9, € Q the set of state, a, b € A the generating set, § is the transition function
that maps one state to the other through any given path say a or b respectively and (ab,
aaa,. . .) are the languages of A generated by the generating set A for S. Since any language
accepted or recognized by A is regular, then there exist a regularlanguage L for S and is
Markov nothing that the automaton A has all of its states as an accept state with unique
representatives. m

SECTION 5.

Theorem 4.1 Let S be a Markov 0-simple semigroup and let T be finite 0-simple semigroup.
Then S x Tis a Markov 0-simple semigroup if and only if it is finitely generated.

Proof;

Suppose that S x T is a Markov 0-simple semigroup, let L be a language in (S X T) with
respect to the finite alphabets A and B representing the generating sets for S which must be of
the form (A x B) U {0}where 0O is the adjoined zero.

Assume that, S? # S so that S has an indecomposable elements. But the infinitely many
element (s,t) (t € T) is indecomposable in S x T and hence it belongs to every generating
set for § x T which contradicts the fact that S x T is finitely generated. Hence S? = S and
similarly, T2 = T therefore S x T is finitely generated. With these properties we have that
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(SxT)2=SxT. The converse is also true; if (SxT)2=SxT then S? =5 and also
T? =T, since S and T are the homomorphic images of S x T.

Let A={a;:i€I}uU{0} and B ={b;:j € J} U {0} be generating sets for S and T
respectively, choose s; € S,t; € T (i € 1,j € J)(i,j = 1,2, ...n) and the functions
a:l>1land B:] =]
With a; = Aqi)Si Viel and b] = bﬁ(})t] V] E] then the set

(AufspielN x(Buft:jejh)u{0}—————- ¢))
generates (S x T).

That is, let s = 0,0, ...0, and = p,p, ...p, , then S and T are written as the products of n
elements from (A U {s;:i € I}) U {0} and (B U {t;:j € J}) U {0} respectively.

Then we can write (s, t) as product of elements from equation (1) above as

(SI t) = (O—ll pl)(O—ZJ .02) (O-Tll pn) Y {0}
Clearly, the length of A and B are equal, that is, |A| = |B]|.

Hence (s, t) is finitely generated. Furthermore, from proposition 3.4 we obtain that (S x T) is
markov 0-simple since there is an existence of 0-simple semigroup Markov language L (that
is, (§ x T) is a regular language and L' = L — {0} is +-prefix-closed and maps onto (S x T)
bijectively). Also, if B is a finite alphabet in bijection with T, and T2 = T then it follows that
TP =TVneN which implies that T3 =T2T =T.T =Tand similarly, $3 =52.5 =
S.S = S. Therefore, (S x T) is markov 0-simple semigroup and is finitely generated. O

CONCLUSION

The markov 0-simple semigroup S has proven that by the introduction of a word {0} with a
symbol 0 to the existing markov semigroup [2] we can generate a markov 0O-simple
semigroup. Hence a 0-simple semigroup is markov. Also, by the introduction of the robustly
Markovlanguage to S, we obtained that a O-simple semigroup is strongly markov.
Furthermore, two Markov 0-simple semigroups Sand T, produces the direct product (S x T)

that is markov O-simple. Hence if S is a Markov 0-simple semigroup and T is finite then,
weobserve that (S x T) is a markov 0-simple semigroup if and only if it is finitely generated.
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